Considering that the multi-particle production process from hadron-nuclei collisions is highly nonlinear and emphasizing that the relationship between rapidity (generalized velocity) and longitudinal momentum is strongly nonlinear, the main aspects of rapidity in (inelastic) collisions between hadrons and nuclei are interpreted by means of a quantum analogy. More precisely, the fundamental physics associated with rapidity in the secondary emission of charged particles is modelled by adopting the number of produced particles as a quantum number which labels the quantum states of a generic charged particle. In fact, the operator formalism of quantum mechanics is used in the analogy in question. Within this context, a self-adjoint linear quantum operator associated with rapidity is introduced and studied. A self-adjoint linear operator relative to the maximum rapidity gap is also introduced. The norm of this operator is found to be equal to the maximum rapidity gap.
Introduction
It is well-known that high-energy physics involve nonlinear phenomena due to the strong interactions which take place in, for instance, nuclear reactions and inelastic hadron-nuclei collisions (consider QCD). In this context, we may regard both nonlinear Dirac and Klein-Gordon equations on which, by the way, not much has been done to date. Certainly, nonlinear problems play a notable role in the mathematical physics of atomic nuclei and elementary particles. On the other hand, both nonlinear Dirac and Klein-Gordon fields play a significant role in nonlinear quantum field theory, which is an area with a number of open problems which should be solved by using advanced techniques; in this respect, consider algebraic and topological quantum field theories. In these theories, nonlinear operator theory appears as a very useful tool but in certain cases as, for example, the theoretical formulation which will be developed in the following, one may examine a nonlinear phenomenon by using linear operators rather than nonlinear ones. High-energy hadron-nuclei collisions constitute a subject of considerable interest. We emphasize that these collisions are inscribed into the context of nonlinear interactions [1, 3, [5] [6] [7] [8] . In fact, we may speak of inelastic scattering and elucidating it gives crucial information about a number of features which cannot be analyzed by regarding collisions among hadrons only [1, 3, [5] [6] [7] [8] . In order to exemplify, one can mention diffractive dissociation for proton-emulsion interactions on the energy interval 22.6-400 GeV/c [1] where c denotes the speed of light in vacuum. Within this context, both rapidity and pseudo-rapidity play an important role. Evaluating rapidity or pseudorapidity for the secondary emission of charged particles from hadron-nuclei collisions is really a useful task which includes determining the maximum rapidity or pseudorapidity gap distributions (see, for instance, refs. [1, 3] ). In the multiparticle-production process, the number of secondary charged particles produced is a key index as well as the maximal rapidity (or pseudo-rapidity) gap distribution is a key signature.
As a matter of fact, in the following, we shall establish a quantum-analogy based formalism by which the quantum nature of a single emitted particle is viewed as an essential characteristic of the particle so that the, say, fundamental quantum number arising from the above quantization coincides with the number of secondary emitted particles. In other words, we speak of an analogy by which we simulate the behaviour of n secondary charged particles by conceiving a generic (hypothetical) quantum particle whose states are labelled by the number n . Within this context, we shall define the rapidity operator which will be related nonlinearly to other two quantum operators namely the Hamiltonian and longitudinal-momentum operators. The usefulness of our formulation from the point of view of elaborating elegant schemes in mathematical physics is manifest since here the operator formalism of standard quantum mechanics is utilized rigorously. In addition, our approach becomes also useful from a more practical viewpoint because it provides a significant simplification to treat relatively complex problems which have been tackled previously in the current literature from both the theoretical and experimental standpoints. At this point, we wish to remark the manifest novelty of our model as it can be seen by browsing the existing literature. Certainly, this formulation is unprecedented in the history of hadronic mathematical physics.
A formalism relative to rapidity
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Theoretical formulation
The rapidity of the th n charged secondary particle emitted through an inelastic hadronnucleus interaction, in a system of units in which the speed of light in vacuum equals 1, is given by (see, for instance, refs. [1, 3] 
where n E is the total energy of the th n charged secondary particle and n p is the magnitude of its longitudinal momentum. On the other hand, by using relation (1), it is easy to show that rapidity becomes the velocity of a given particle moving in the longitudinal direction (in units of the speed of light) at the non-relativistic limit. This fact allows us to denominate rapidity as generalized velocity. Consequently, eq. (1) tells us that the longitudinal-momentum dependence of n r is strongly nonlinear in contrast with the linear velocity-momentum relationship of Newtonian mechanics.
Looking at formula (1) and assuming that 0
. We may assume that ... ... Of course, formula (1) may be written as
Another alternate expression is:
Now we establish an analogy by which the above multiparticle-production process involving n particles is equivalent to consider a single particle with quantized energy and momentum so that n becomes the associated quantum number ( ,...
). Then, the particle is characterized by infinite bound quantum states. By virtue of the analogy in question, one may consider the asymptotic case in the multiparticle-production process, i.e., when ∞ → n , as the classical limit for the single particle with quantized energy and momentum; at this point, let us invoke the correspondence principle. In other words, our formulation allows to regard the asymptotic case in the multiparticle emission as quasi-classical case for the aforementioned single particle. Then, it is clear that our model involves an extrapolation to sufficiently large values of the number of particles produced in the process so that the model provides complete information on the dynamics of the process. In contrast, the number of emitted particles is regarded as finite in the current literature. On the basis of the above claims, one may introduce a new quantum linear operator, namely, the rapidity operator over the Hilbert space of the quantum states occupied for the aforementioned single particle. Before to do this, we reexpress relationship (1) as follows:
From eq.(1) the rapidity operator reads:
and from eq. (3) we have:
where Ĥ and P are, respectively, the corresponding Hamiltonian and longitudinalmomentum operators such that (4) and (5). On the other hand, the reader can verify that R is self-adjoint and not bounded (note that P is not bounded; moreover, note that, since both Ĥ and P are self-adjoint, then ( ) P Hln ± is also self-adjoint). In order to show that R is not bounded, apart from showing this by taking into account that P is not bounded and inspecting formula (5), we have, for the norm of the rapidity operator, since R is self-adjoint: On the other hand, we have, in the above-mentioned system of units:
where 0 m is the rest-mass of the particle, ( ) Relationship (1) can be rewritten as:
Formula (8) is equivalent to:
where, of course, the operator
Now, let us assume the ordering of rapidity eigenvalues ... ... 
so n Δ are the eigenvalues of the operator Δ associated with its eigenstates n ψ .
Given that R is self-adjoint and not bounded, then it is clear that Δ is also self-adjoint and not bounded. We may say that although, in general, the operator Δ is not bounded, it is bounded in certain cases which can be examined by inspecting carefully formulae (1) or (2) . In these cases, one should find that However, for N n ,..., 2 , 1 = with finite N , it is clear that +∞ < = N r R , i.e., R is bounded so R is continuous; in addition, given that 1 − A is bounded, we have that
, that is, Δ is bounded so Δ is continuous. Alternatively, one may prove this by considering eq.(11) and the norm of Δ given in relationship (12). In this Then, for N being either infinite or finite, we enunciate: Theorem.-There exists, over the space of eigenstates, a self-adjoint linear operator namely Δ whose norm coincides with the maximum rapidity gap.
Discussion
Interaction of hadrons with nuclei at high energies is a subject of great relevance in high-energy physics so that increasingly research work on the subject in question is highly desirable. In fact, we have done a very significant insight into the physics of hadron-nuclei collisions. Starting from expressions (1) and (2), the preceding analysis opens new ways to tackle hadron-nucleus interaction by using accurate tools of mathematical physics. In the context of hadronic physics and QCD, aspects related to both rapidity and pseudo-rapidity in multiparticle-production processes present a great interest. Certainly, key elements pertaining to both quantum field theory and hadronic physics participate jointly to elucidate the physics of hadron-nuclei (inelastic) interactions. As a matter of fact, we have constructed a picture by which the multiparticle-production process from a hadron-nucleus (inelastic) collision is equivalent to a single particle with quantized energy and momentum. In this way, we have introduced the rapidity operator, which is discontinuous and self-adjoint. In fact, we have established formulae (4), (5), (7) and (9). Our model permits a better understanding in an elegant manner (from the point of view of mathematical physics) of the phenomenon in question. We have elaborated a formulation which, say, generalizes the fact that a finite number of particles are produced in the secondary emission in question so we have considered the classical limit ∞ → n which permits applying the laws of classical physics. Moreover, this formulation provides unexpected perspectives for studying complex phenomena by employing simple but powerful techniques. In the context of these techniques, examining classical and quantum limits is certainly important. Considering the non-relativistic limit in the rapidity physics is also interesting; we have noted before that, at the above limit, the rapidity of a particle moving in the longitudinal direction becomes the velocity of the particle in units of the speed of light so that one has that R m P0 ≈ . Therefore, we emphasize the fact that the rapidity may be conceived as generalized velocity so that we may say that here the velocity (generalized)-momentum dependence is strongly nonlinear. However, R is a linear operator.
Getting information on the nature of the particle-production process is feasible from examining the maximal rapidity-gap distribution (see formula (10)). In this respect, we have introduced the operator Δ which is useful to characterize the aforementioned distribution in an elegant manner. It is clear that this discontinuous (for infinite N ) and self-adjoint operator is strongly linked to R (see relationship (11)). On the other hand, notice that Δ is bounded (and, therefore, continuous) for finite N .
In every hadron-induced process, we can consider the colliding hadron as composite particle of constituent quarks (target nucleons). In single hadron-nucleon collisions, a quark in the beam hadron transfers a fraction of its momentum to another quark in the target nucleon giving rise to two hadronic systems. If the incident hadron is a pion, one of the two above systems consists of one projectile quark or a diquark if the incident hadron is a proton (see, for example, ref. [5] ). By the way, in order to examine certain problems, one should regard the role of the proton as a three-quark ultrarelativistic quantum oscillator. The other system becomes a wounded target quark (see, for instance, ref. [5] ). In the above context, we may treat relatively complicated issues concerning hadronization [5] in relation to rapidity by using analytical techniques related to our preceding study.
Concluding remarks
In this paper, we have presented a new formalism which facilitates enormously the study of the rapidity in hadron-nuclei collisions because it provides a method which allows to consider one particle instead of a number of them as it is presently done. Consequently, it clearly makes simpler the studies and helps to gain more insight into the matter. The fact that the rapidity in question can be treated with our theory diminishes substantially the complexity of existing formulations which make difficult the advancement in the field. An appreciable part of these formulations, as refs. [2, 4] , are also wrong. The theory that we have presented here is mathematically coherent as we have shown above and it is the goal of this paper. In other words, this is a theoretical work that should be viewed as the creation of a new avenue to deal with the problem of hadron-nuclei interaction, which in the future will generate more models and studies.
